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ARCH & GARCH Models in Applied Financial Econometrics

In the fast moving world of finance, volatility is the invisible hand that shapes trading strategies, risk assessments,
and regulatory frameworks. While the price of a stock or a commaodity may seem random, its underlying fluctuations

follow patterns that can be captured, quantified, and forecasted. Among the most powerful tools for modeling such

patterns are the Autoregressive Conditional Heteroskedasticity (ARCH) and Generalized Autoregressive

Conditional Heteroskedasticity (GARCH) families of models. These frameworks have become indispensable in

applied financial econometrics, allowing analysts to move beyond simple mean return models and to embrace the
dynamic nature of risk.

Why Volatility Matters in Finance

Volatility is a measure of the dispersion of returns around their mean. It tells investors how much a security’s price
is likely to swing in the near future. High volatility implies greater uncertainty and potential for large gains or losses.
Low volatility signals relative stability. In practice, volatility influences:

« Portfolio allocation — assets with higher expected volatility demand higher risk premiums.

* Option pricing — the Black—Scholes model, for instance, requires an estimate of future volatility.

¢ Risk management — Value at Risk (VaR) and Conditional VaR calculations rely on accurate volatility forecasts.
* Regulatory capital — banks must hold capital proportional to the volatility of their assets.

Traditional time series models, such as ARMA, focus on the mean dynamics of returns but ignore the fact that the
variance of those returns is not constant over time. ARCH and GARCH models fill this gap by explicitly modeling
the conditional variance as a function of past squared residuals and past variances.

From ARCH to GARCH: The Evolution of Conditional Heteroskedasticity

ARCH: The Original Insight

Introduced by Robert Engle in 1982, the ARCH(p) model captures the idea that large shocks tend to cluster
together. In its simplest form, the ARCH(1) model can be written as:

rt=;A2p t\n;UsBOA t*z t\n<5+E&" O+ 0+ ;0 ¢ p_{t-1y*2\demaotderthe return at time t, ;& the constant mean,
;Uigdhe innovation, <5+E8& the conditional variance, and z_t is an i.i.d. standard normal variable. The key feature is
that the variance at time t depends on the squared innovation from the previous period.

GARCH: A More Flexible Framework

While ARCH models can capture volatility clustering, they often require a high order (large p) to fit the data
adequately. This leads to many parameters and potential overfitting. In 1986, Tim Bollerslev extended ARCH to
GARCH(p, q), where the conditional variance depends on both past squared innovations and past conditional

variances:
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often captures the dynamics as well as a high order ARCH model. The inclusion of lagged variances introduces



persistence, meaning that once volatility spikes, it tends to stay elevated for a while.

Beyond GARCH: Extensions and Variants

Financial researchers have built upon the GARCH framework to address features like asymmetry, heavy tails, and
regime shifts:

« EGARCH (Exponential GARCH) — captures leverage effects by allowing negative shocks to increase volatility
more than positive shocks.

¢ TARCH (Threshold GARCH) — introduces a threshold that differentiates the impact of positive and negative
innovations.

¢ APARCH (Asymmetric Power ARCH) — generalizes both the power of the error term and asymmetry.

¢ FIGARCH (Fractionally Integrated GARCH) — models long memory volatility processes.

e Multivariate GARCH — captures co movements among several assets.

These variants demonstrate the versatility of the conditional heteroskedasticity framework and its continued
relevance in applied research.

Implementing ARCH/GARCH Models: A Step by Step Guide

1. Data Preparation

Before fitting any model, you need a clean, regularly spaced time series of returns. Common steps include:

1. Collect price data (daily, weekly, monthly).

2. Compute log returns: r_t = In(P_t) - In(P_{t-1}).

3. Check for outliers, missing values, and structural breaks.

4. Conduct basic descriptive statistics: mean, standard deviation, skewness, kurtosis.

2. Diagnostic Tests for Heteroskedasticity

Before modeling, confirm that volatility clustering exists:

* ARCH test (Lagrange Multiplier) — tests whether past squared residuals explain current variance.
e Levene’s test — compares variance across sub periods.
 Visual inspection of a squared returns plot.

3. Choosing the Model Order

Start with a GARCH(1,1) model, which often suffices. However, if diagnostics suggest additional dynamics,
consider:

¢ Increasing the lag of the ARCH component (p).

¢ Increasing the lag of the GARCH component (q).
¢ Testing for asymmetry (EGARCH, TARCH).
 Testing for long memory (FIGARCH).

4. Estimation

Maximum Likelihood Estimation (MLE) is the standard approach. Many software packages support GARCH
estimation:

¢ R —rugarch, fGarch, rugarch

¢ Python — arch, statsmodels

e MATLAB — Econometrics Toolbox

¢ SAS - PROC ARIMA with GARCH option



When estimating, pay attention to:

1. Parameter constraints (e.g., ;6 & A+_i"e 0, ;%0¢ &R ’a
2. Stationarity conditions (e.g., ; 22
3. Distributional assumptions for innovations (normal, Student t, generalized error distribution).
5. Model Diagnostics
After estimation, verify the model's adequacy:
¢ Residual autocorrelation: Ljung—Box test on standardized residuals.
* Conditional heteroskedasticity: ARCH LM test on standardized residuals.
 Distributional fit: Q Q plots, skewness, kurtosis of standardized residuals.
e Likelihood based criteria: AIC, BIC, HQIC.
6. Forecasting Volatility
One of the primary uses of GARCH models is to forecast future volatility. Forecasting steps include:
1. Compute one step ahead variance using the estimated parameters.

2. lterate for multi step forecasts, assuming the mean of future innovations is zero.
3. Translate variance forecasts into volatility forecasts by taking the square root.

These forecasts can be plugged into option pricing models or risk metrics.

Applications in Financial Economics

Portfolio Management

Dynamic allocation strategies often rely on volatility forecasts to adjust portfolio weights. For instance, the t optimal
portfolio, which maximizes expected return for a given risk tolerance, requires accurate estimates of the covariance
matrix. GARCH models supply time varying variances and covariances, improving portfolio performance.

Option Pricing and Hedging

In the Black—Scholes framework, volatility is assumed constant, but in reality, it changes. By using GARCH derived
volatility forecasts, practitioners can price options more accurately (e.g., the Heston model uses stochastic
volatility). Moreover, GARCH can help design dynamic hedging strategies that adjust the hedge ratio as volatility
evolves.

Risk Management and Regulatory Capital

Financial institutions calculate VaR to determine capital reserves. Since VaR depends on the distribution of returns,
incorporating GARCH based volatility improves the accuracy of VaR estimates. Regulators, such as Basel llI,
require banks to hold capital proportional to the risk of their portfolios, making GARCH models a practical tool for
compliance.

Macroeconomic Analysis

Beyond individual securities, GARCH models are used to study the volatility of macroeconomic variables (e.g.,
GDP growth, inflation). Understanding how volatility propagates through the economy informs monetary policy
decisions.

Common Pitfalls and How to Avoid Them

Overfitting



Including too many lags or unnecessary asymmetry can lead to overfitting. Use information criteria (AIC, BIC) and
out of sample performance to guard against this.

Ignoring Distributional Assumptions

Financial returns often exhibit heavy tails. Assuming normal errors can underestimate risk. Consider Student t or
generalized error distributions when estimating GARCH models.

Parameter Instability

Structural breaks (e.g., financial crises) can change the dynamics of volatility. Periodic re estimation or
regime switching GARCH models can capture such changes.

Misinterpreting Persistence

A high persistence parameter (; +; close to 1) suggests that shocks to volatility decay slowly. However, this does not
imply that volatility will remain high indefinitely; rather, it indicates that the effect of shocks fades gradually.

Case Study: Forecasting S&P 500 Volatility

To illustrate the practical workflow, let's walk through a simplified example of forecasting the volatility of the S&P
500 index:

Data: Daily closing prices from 2010 to 2020.
Returns: Compute log returns.
Diagnostics: Perform ARCH LM test; significant result confirms volatility clustering.
Model Selection: Fit GARCH(1,1) with Student t innovations; check AIC.
Estimation: Obtain parameter estimates: ;6 O & A+ 1=0.10, ;%06 O &fRa
6. Diagnostics: Ljung—Box on standardized residuals shows no autocorrelation; ARCH test on standardized
residuals is insignificant.
7. Forecast: Generate 1 month ahead volatility forecast; convert to annualized volatility.
8. Application: Use forecasted volatility to price a European call option via Monte Carlo simulation.
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In this example, the GARCH(1,1) model provides a parsimonious yet effective description of the volatility dynamics,
enabling accurate option pricing and risk assessment.

Future Directions in Volatility Modeling

Machine Learning Meets GARCH
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