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Analysis and Design of Descriptor Linear Systems

In modern control engineering, the term descriptor linear system(also known as a singular or
differential algebraic system) has become a cornerstone for modeling complex dynamics that cannot be captured by
ordinary state space equations alone. Unlike conventional state space models, descriptor systems incorporate
algebraic constraints alongside differential equations, enabling a more faithful representation of mechanical,
electrical, and networked processes where conservation laws, constraints, and instantaneous relations coexist.

Understanding how to analyze and design these systems is essential for engineers working on advanced robotics,
power grids, aerospace, and chemical process control. This article offers a comprehensive guide that blends
theory, practical techniques, and real world examples, helping you master the analysis and design of descriptor
linear systems.

What Is a Descriptor Linear System?

A descriptor linear system is defined by the pair of equations

1. E- «(t) = Ax(t) + B-u(t)

2. y(t) = C-x(t) + D-u(t)

Here, E is an n x nmatrix that may be singular (i.e., not invertible). When E is nonsingular, the system reduces to

the familiar state space form. However, when E is singular, the system contains algebraic equations that must be
satisfied instantaneously, leading to differential algebraic equations (DAES).

Key characteristics that differentiate descriptor systems from standard state space models include:

¢ Singular mass matrix: The presence of a singular E matrix introduces algebraic constraints.
« Infinite eigenvalues: The pencil (A, E) may have eigenvalues at infinity, affecting stability analysis.
« Invariant subspaces: The system dynamics split into slow (differential) and fast (algebraic) subsystems.

These properties require specialized analytical tools, which we’ll explore in the sections that follow.

Mathematical Foundations

System Pencil and Weierstrass Canonical Form

The pair (A, E) defines a matrix pencil A - ;’Ra The eigenvalues of this pencil dictate system behavior. When E is
singular, the pencil may have finite eigenvalues (associated with dynamic modes) and infinite eigenvalues
(associated with algebraic constraints). Transforming the pencil into Weierstrass canonical form separates these
two sets, facilitating analysis.

Rank Conditions and Consistency

For a descriptor system to be well posed, the following rank conditions must hold:

1. rank(E) = r (where r is the system index).
2. rank([E, B]) = r to ensure that the control input can influence all differential modes.



3. rank([E; C]) = r to guarantee observability of the differential states.
Violating these conditions leads to inconsistencies, uncontrollable or unobservable modes, and potential numerical
instability.
System Index and Regularity

The system index is the minimum number of times one must differentiate the algebraic equations to reduce the
system to ordinary differential equations. A descriptor system is said to be regularif the determinant of the pencil A
- ;P is not identically zero. Regular systems admit a finite number of eigenvalues and are amenable to standard
control techniques.

Analysis Techniques

Eigenvalue Analysis

Computing the eigenvalues of the pencil A - ;"P provides insights into stability, damping, and resonant frequencies.
Finite eigenvalues correspond to dynamic modes, whereas infinite eigenvalues reflect algebraic constraints. Tools
such as the generalized Schur decomposition (QZ algorithm) are commonly used for this purpose.

Controllability and Observability
For descriptor systems, controllability and observability must be examined with respect to the pencil:
e Controllability matrix: [B, AB, A2B, ..., A « {1B] is replaced by [E {*B, E {*AE {!B, ...] when E is nonsingular, or by a

generalized controllability matrix involving the pencil’s invariant subspaces when E is singular.
¢ Observability matrix: Similar transformations apply, ensuring that all dynamic states influence the output.

These concepts are vital for controller and observer design.

Kalman Decomposition for Descriptor Systems

The Kalman decomposition partitions the state space into controllable/observable, controllable/unobservable,
uncontrollable/observable, and uncontrollable/unobservable subspaces. For descriptor systems, the decomposition
also separates the differential and algebraic components, enabling targeted controller synthesis.

Stability Analysis
Stability of descriptor systems is determined by the finite eigenvalues of the pencil. If all finite eigenvalues lie in the

left half of the complex plane, the system is asymptotically stable. However, infinite eigenvalues require careful
handling to ensure consistency of algebraic constraints over time.

Design Methodologies

Pole Placement

Pole placement for descriptor systems extends the classic state feedback method by solving the generalized
eigenvalue assignment problem:

E <= (A+B-K)x
The goal is to choose K such that the pencil A + B-K - ;'R T 2 FW6—&VB f-ee—FR V-vVavalues. Techniques include:

e State feedback via the generalized eigenvalue decomposition.
« Linear matrix inequality (LMI) approaches for robust pole placement.
e Structured controllers that respect system constraints.



Observer Design

Designing an observer for descriptor systems often involves solving a dual generalized eigenvalue problem:
E@ «0"0,0 2A0t10>wf +L @y
Key steps:

1. Compute the dual system'’s eigenvalues.

2. Choose observer poles to ensure fast convergence.

3. Verify consistency of algebraic constraints in the observer dynamics.

Optimal Control (LOR & H")

Linear Quadratic Regulator (LQR) and H" synthesis can be extended to descriptor systems by solving generalized
Riccati equations. The cost functional typically includes terms for both differential and algebraic states. Solvers
such as MATLAB's care and riccati functions can handle descriptor systems with appropriate modifications.

Model Reduction
Large descriptor systems can be reduced using techniques like:
e Balanced truncation adapted to singular pencils.

* Proper orthogonal decomposition (POD) for systems with high-dimensional algebraic constraints.
e Moment matching for descriptor systems, preserving transfer function moments.

Reduced models preserve essential dynamics while simplifying controller design.

Applications Across Industries

Electrical Power Systems

Power grids contain algebraic constraints (Kirchhoff’s laws) alongside differential equations (generator dynamics).
Descriptor models accurately capture transient stability and allow for robust controller design.

Mechanical Systems with Constraints

Robotic manipulators, vehicle suspensions, and aerospace structures often involve constraints such as joint limits
or contact forces. Descriptor formulations model these constraints directly, leading to more accurate simulation and
control.

Chemical Process Control

Reaction networks with conservation laws (mass, energy) naturally lead to DAEs. Descriptor models enable the
design of feed forward and feedback controllers that respect stoichiometric constraints.

Networked Control Systems

Distributed systems with communication delays or packet losses can be represented as descriptor systems,
allowing for analysis of stability under network-induced constraints.

Challenges and Future Trends

Numerical Conditioning

Singular mass matrices can lead to ill conditioned problems, especially in high order systems. Advanced numerical
techniques, such as regularization and scaling, are essential to maintain accuracy.

Real Time Implementation



Implementing descriptor system controllers on embedded hardware requires efficient algorithms that can handle
the algebraic constraints without excessive computational load.

Integration with Machine Learning

Hybrid models that combine descriptor systems with data driven approaches are emerging. For instance, neural
networks can learn unknown algebraic constraints, while descriptor models enforce known physical laws.

Software Tool Development

While tools like MATLAB, Simulink, and Python’s SciPy provide basic support for descriptor systems, there is a
growing demand for specialized libraries that streamline analysis, simulation, and controller synthesis.

Conclusion

The analysis and design of descriptor linear systems open a pathway to more accurate modeling and robust control
of complex engineering systems. By mastering the mathematical foundations, applying advanced analysis
techniques, and leveraging modern design methodologies, engineers can tackle challenges that arise in power
grids, robotics, chemical processes, and beyond. As computational tools evolve and interdisciplinary approaches
flourish, descriptor systems will continue to play a pivotal role in shaping the next generation of intelligent,
constraint aware control solutions.
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