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Introduction

Linear algebra is one of the most powerful tools in modern mathematics, engineering, physics, and computer
science. It provides a language to describe systems of equations, transformations, and structures that appear in
everything from cryptography to machine learning. Yet, for many students, the subject can feel abstract and
intimidating. This article offers an an introduction to linear algebra | mirskythat blends foundational concepts
with the influential work of mathematician L. /Mirsky, whose insights have shaped matrix theory and beyond.

Who Is L. /Mirsky?

L. Mirsky, born in 1910, was a Russian-American mathematician renowned for his contributions to linear algebra
and matrix theory. After earning his Ph.D. in 1932, Mirsky worked at the University of lllinois and later at the
University of lllinois Urbana—Champaign, where he taught for several decades. His research produced several
celebrated results, including Mirsky’s theorem on eigenvalues and the Mirsky—Wielandt inequality. Mirsky’s work
bridged pure mathematics and applications, making his theorems widely used in numerical analysis, control theory,
and statistics.

Mirsky’s approach was characterized by elegant proofs and a deep understanding of the interplay between
algebraic structures and analytic properties. His influence extends to modern topics such as matrix norms,
perturbation theory, and spectral graph theory. In the following sections, we’ll explore how his contributions enrich
the study of linear algebra.

Core Concepts of Linear Algebra

Vector Spaces

A vector space is a set of objects called vectors, equipped with two operations: vector addition and scalar
multiplication. These operations satisfy a list of axioms (closure, associativity, commutativity, identity, inverses,
distributivity, and compatibility). Common examples include the Euclidean space ! ¢ and the space of polynomials of
degree less than n.

Linear Transformations
Linear transformations are functions between vector spaces that preserve vector addition and scalar multiplication.
If T is a linear transformation from vector space V to W, then for all vectors u, v" V and scalars c " !, we have:

1. T(u+v)=T(u) + T(v)

2. T(cu) =cT(u)

Every linear transformation can be represented by a matrix once bases are chosen for the domain and codomain.

Matrices and Determinants

A matrix is a rectangular array of numbers, symbols, or expressions arranged in rows and columns. The
determinant of a square matrix is a scalar value that encapsulates key properties of the matrix, such as invertibility.
For a 2x2 matrix A = [[a, b], [c, d]], the determinant is ad — bc. For larger matrices, determinants can be computed



via cofactor expansion or row reduction.

Eigenvalues and Eigenvectors

Given a square matrix A, a non-zero vector v is an eigenvector if Av = ;- for some scalar ;2A called the eigenvalue
corresponding to v. The set of all eigenvalues of A is called its spectrum. Eigenvalues play a central role in stability
analysis, vibration modes, and Markov chains.

Inner Product Spaces

Inner product spaces generalize the dot product to more abstract settings. An inner product on a vector space V is
a function 'e-,-'é : V x V I'| that is linear in the first argument, symmetric, and positive definite. Inner products allow the
definition of lengths, angles, orthogonality, and projections.

Diagonalization and Jordan Canonical Form

Diagonalization is the process of finding a basis in which a matrix is represented by a diagonal matrix. Not every
matrix is diagonalizable, but all matrices can be expressed in Jordan canonical form—a block diagonal matrix with
Jordan blocks. These canonical forms simplify the computation of matrix functions and the analysis of linear
systems.

Mirsky’s Contributions to Linear Algebra

Mirsky’s Theorem

Mirsky’s theorem provides a relationship between the eigenvalues of a square matrix and its diagonal entries. For

an n x n matrix A with eigenvalues ;2 A ;2"A ..., ;2 and diagonal entries d », d ,, ..., d ™, the theorem states that the sum of t
largest eigenvalues is bounded above by the sum of the k largest diagonal entries for all k = 1, 2, ..., n. This result

is a powerful tool for estimating eigenvalue distributions without computing them directly.

Mirsky’s Inequalities

Mirsky also established several inequalities involving matrix norms and singular values. One notable inequality
bounds the trace norm (sum of singular values) by the sum of absolute values of diagonal entries. These
inequalities are instrumental in numerical linear algebra, particularly in the analysis of perturbations and stability.

Applications in Matrix Theory

Mirsky’s work on eigenvalue bounds and matrix norms has influenced algorithm design in numerical analysis. For
instance, the Mirsky—Wielandt inequality is used to assess the sensitivity of eigenvalues to perturbations—a key
concern in computational physics and engineering. Moreover, his insights into matrix decomposition inform modern
techniques such as singular value decomposition (SVD) and principal component analysis (PCA).

How Mirsky’s Work Enhances Understanding of Linear Algebra

Theoretical Insights

Mirsky’s theorems provide elegant bridges between seemingly unrelated properties of matrices—diagonal entries,
eigenvalues, and norms. By establishing these connections, he deepened the theoretical framework of linear
algebra, making it easier to predict matrix behavior and to develop generalized proofs.

Practical Applications

In engineering, Mirsky’s eigenvalue bounds help designers evaluate system stability. In data science, his matrix
norm inequalities assist in regularization techniques. Even in economics, Mirsky’s results are used to analyze input—



output models and to bound the effects of shocks.

Teaching and Learning

Mirsky’s clear, concise proofs are often adopted in undergraduate and graduate courses. His theorems serve as
canonical examples of how to derive meaningful bounds from basic properties, thereby encouraging students to
think critically about matrix relationships.

Practical Examples

Example 1: Using Mirsky’s Theorem for Eigenvalue Bounds

Suppose you have a 3x3 matrix A with diagonal entries 2, 4, 6. Without computing the eigenvalues explicitly,
Mirsky’s theorem tells us that the largest eigenvalue is at most 6, the sum of the two largest eigenvalues is at most
10, and the sum of all three eigenvalues equals the trace, which is 12. These quick bounds are useful when
assessing whether the system represented by A is stable (eigenvalues with negative real parts).

Example 2: Diagonalization in Physics

In quantum mechanics, observables are represented by Hermitian matrices. The eigenvalues correspond to
measurable quantities. Mirsky’s inequalities can provide bounds on the energy levels of a quantum system when
only partial information about the Hamiltonian matrix is known, aiding in the design of experiments and simulations.

Resources for Further Study

Books

e “Linear Algebra Done Right” by Sheldon Axler — A rigorous introduction focusing on vector spaces.

e “Matrix Analysis” by Roger A. Horn and Charles R. Johnson — Covers advanced matrix theory and includes
discussions of Mirsky’s results.

 “Introduction to Linear Algebra” by Gilbert Strang — Offers intuitive explanations and applications.

Online Courses
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